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Introduction

SET is a card game of visual perception. The goal is to be the first to see a SET from
the 12 cards laid face up on the table. Each card has four attributes, which can vary as
follows:
1. Shape: oval, squiggle, or diamond
2. Color: red, green, or blue
3. Number: the number of copies of each symbol can be 1, 2, or 3
4. Filling: solid, unfilled, stripped
Each card has a unique combination, for a total of 34 = 81 different cards in a deck.
A SET consist of three cards for which each of the four attributes are either all the same
or all different.

Figure 1: Example of a SET

Figure 2: Example of a nonSET

We can represent SET cards by 4-tuples of numbers, where each coordinate represents one characteristic. We will use the notation introduced in [1] of (symbol, color,
number, filling) where each coordinate is an element of Z3 and 0, 1, 2 represent the following for each card:
Color
Number
Filling
Symbol
oval ↔ 1
red ↔ 1
one ↔ 1
solid ↔ 1
squiggle ↔ 2 green ↔ 2 two ↔ 2 unfilled ↔ 2
diamond ↔ 0 blue ↔ 0 three ↔ 0 striped ↔ 0
So, for example the card with one solid red oval corresponds to (1, 1, 1, 1). Thus, each
card in the game of SET can be viewed as an element of Z43 .
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Products

In [1] Holdener defines a binary operation on D = Z43 as follows: let x = (x1 , x2 , x3 , x4 )
and y = (y1 , y2 , y3 , y4 ) be two elements of D, then
xy =(2(x1 + y1 ) mod 3, 2(x2 + y2 ) mod 3, 2(x3 + y3 )mod 3, 2(x4 + y4 )mod 3)
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Given any two elements x, y ∈ D the product xy ∈ D represents the third card that
completes the SET. To see that x, y, and xy = z are a SET in the game, consider the ith
coordinate of each element. If xi = yi , then zi = 2(2xi ) mod 3 = xi . So the ith attribute
of all three elements is the same. Now, suppose xi 6= yi and zi = xi , then
2(xi + yi ) mod 3 = xi
xi + 2yi mod 3 = 0
y i = xi
We obtain a similar result if zi = yi . Hence zi must be different from both xi and yi .

Figure 3: Example of a product
In Figure 3 we see an example of a product in D and the corresponding SET that is
formed. Note that the product xy is unique as is the card that completes the SET containing the cards represented by x and y. Given any two cards the third that completes
the SET is determined. To see this, pick any two cards x and y, what does xy look like?.
The value of each attribute of x and y will either be the same or different. If a given attribute is the same for both x and y, then xy must also have the same attribute so there’s
only one choice for that attribute of xy. If the given attribute is different for x and y,
then that attribute on xy must be different from x and y, hence there is only one choice
because there are only 3 different properties to choose from.
Next we consider a series of exercises taken from [1], which part of an undergraduate Abstract Algebra project that Holdener designed for her students. With the first set
of questions we aim to find out whether D is a group under multiplication as defined
above.
Exercise 2.
a) Is multiplication associative on D? No
Let z = (1, 2, 2, 0), w = (2, 2, 1, 1), x = (1, 1, 1, 1)
(zw) =(2(1 + 2) mod 3, 2(2 + 2) mod 3, 2(2 + 1) mod 3, 2(0 + 1) mod 3) = (0, 2, 0, 2)
(zw)x =(2(0+1) mod 3, 2(2+1) mod 3, 2(0+1) mod 3, 2(2+1) mod 3 ) = (2, 0, 2, 0)
(wx) = (2(2 + 1) mod 3, 2(2 + 1) mod 3, 2(1 + 1) mod 3, 2(1 + 1) mod 3) = (0, 0, 1, 1)
z(wx) = (2(1+0) mod 3, 2(2+0) mod 3, 2(2+1) mod 3, 2(0+1) mod 3) = (2, 1, 0, 2)
b) Is multiplication commutative on D? Yes, this follows directly from commutativity in
Z.
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Figure 4: Multiplication is not associative on D
It turns out that multiplication on D is not associative, and so D fails to be a group.
But there are other special properties of D, shown below, which will allows to further
investigate the structure of the game.
Exercise 3. Proof that these properties hold true
Property 1 : x(xy) = y
Let x = (x1 , x2 , x3 , x4 ) and y = (y1 , y2 , y3 , y4 ) be two elements of D
The ith coordinate of xy is 2(xi + yi ) mod 3
The ith coordinate of x(xy) is 2(xi + 2(xi + yi )) mod 3
= (2xi + 4xi + 4yi ) mod 3
= (6xi + 4yi ) mod 3
= 6xi mod 3 +4yi mod 3
= 0 + yi mod 3
= yi mod 3
Property 2: (xy)y = x
The ith coordinate of xy is 2(xi + yi ) mod 3
The ith coordinate of (xy)y is 2[(2xi + 2yi ) + yi ] mod 3
= (4xi + 4yi + 2yi ) mod 3
= 4xi mod 3 + 6yi mod 3
= xi mod 3 + 0 = xi mod 3
Exercise 4. If x, y, z ∈ D are such that xy = xz, then y = z.
P roof . Suppose x, y, z ∈ D such that xy = xz. By property 1 y = x(xy). Since xy = xz we
have y = x(xz), and applying property 1 again, y = z.
Exercise 5. If x, y, z ∈D, then (zx)(zy) = z(xy) and (xz)(yz) = (xy)z.
Proof. Let x = (x1 , x2 , x3 , x4 ), y = (y1 , y2 , y3 , y4 ), z = (z1 , z2 , z3 , z4 ) be in D
The ith coordinate of zx is 2(zi + xi ) mod 3.
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The ith coordinate of zy is 2(zi + yi ) mod 3.
So the ith coordinate of (zx)(zy) is 2[2(zi + x1 ) + 2(zi + yi )] mod 3 = 2[4zi + (2xi + 2yi )]
mod 3
= 2[zi + 2(xi + yi )] mod 3
The ith coordinate of xy is 2(xi + yi ). So 2[zi + 2(xi + yi )] mod 3 is the ith coordinate of
z(xy).
To show (xz)(yz) = (xy)z notice that
the ith coordinate of xz is 2(xi + zi ) mod 3 and
the ith coordinate of yz is 2(yi + zi ) mod 3.
So the ith coordinate of (xz)(yz) is 2[2(xi + zi ) + 2(yi + zi )] mod 3
= 2[(2xi + 2yi ) + 4zi ] mod 3
= 2[2(xi + yi ) + zi ] mod 3
But this is the ith coordinate of (xy)z. That means (xz)(yz) = (xy)z.
The game becomes easier if we fix any attribute. We can take, for instance, all the red
cards, that is, all points of the form (x1 , 1, x3 , x4 ). Since the second entry is the same for
all, we can ignore that entry and think of the points as triples of the form (x1 , x3 , x4 ). So
this subset of D is isomorphic to Z33 . We can also consider the subset formed by all the
red, solid cards; all points of the form (x1 , 1, x3 , 1). Again, we can think of these points as
ordered pairs of form (x1 , x3 ), so this subset is isomorphic to Z23 .

(1, 1, 1, 1) (1, 1, 2, 1) (1, 1, 0, 1 )
(2, 1, 1, 1) (2, 1, 2, 1) (2, 1, 0, 1)
(0, 1, 1, 1) (0, 1, 2, 1) (0, 1, 0, 1)

(1, 1) (1, 2) (1, 0)
⇒ (2, 1) (2, 2) (2, 0)
(0, 1) (0, 2) (0, 0)

Figure 5: The subset of all red solid cards

D-sets
Oftentimes during the game the 12 cards on the table do not contain a SET in which
case 3 more cards are laid on the table. If no SET can be found among these 15 cards, 3
more cards are placed on the table and so on. This leads us to wonder how many cards
must be dealt to guarantee the presence of a SET. This question is studied in detail by
Benjamin Lent Davis and Diane Maclagan [2] and they prove that any collection of 21
4

cards must contain a SET. To arrive at their result they define a maximal d-cap. In order
to understand this notion, we introduce the concept of a ”D-set”.
Definition 2.1. A D-set is defined to be subset S ⊆ D of the form S = {x, y, xy} , where
x, y ∈ D.
Obviously, D-sets correspond to SETs in the card game.
Exercise 6. What is the total number of D-sets in D? How many D-sets can a given element x ∈ S be a member of?.
D-sets in Z23 . There are 32 = 9 elements in Z23 . For each D-set {x, y, xy} there are 9
choices for x, 8 choices for y, and xy is determined. For properties 1 and 2 we have that
x(xy) = y and (xy)y = x. That is we get the same D-set regardless of the order we choose
9∗8
the elements. That means the total number of possible D-sets is
= 12
3!
Given an element x ∈ S there are 8 choices for y and xy is determined. Hence the
number of D-sets x can be a member of is
8
=4
2!
D-sets in Z33 . Similar reasoning as used to above yields that the number of D-sets is
27 ∗ 26
= 117 The number of D-sets x can be a member of is
3!
26
= 13
2!
D-sets in D. The number total number of D-sets in D is
And the number of D-sets x can be a member of is

80 ∗ 81
= 1080
3!

80
= 40
2!
Exercise 7. Given w ∈ D, define the map Tw : D → D by Tw (x) = wx. Is Tw a permutation
on D?
Tw is one-to-one:
Let x, y ∈ D such that Tw (x) = Tw (y). Then,
Tw (x) = Tw (y)
wx = wy
From Exercise 4,
x=y
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Tw is onto:
Let x ∈ D. Since D is closed with respect to multiplication, wx ∈ D, and applying
property 1 we have
Tw (wx) = w(wx) = x

3

Product-free sets

Suppose that U ⊆ D. Then we say that U is product-free if xy ∈
/ U whenever x, y ∈ U.
Note that product-free subsets on D translate into collections of cards that fail to contain a SET.
Exercise 8. Prove that if U is product-free, then xU is product-free too.
P roof . Let U ⊆ D be product-free, x ∈ D, and y, z ∈ U . xy, xz ∈ xU and (xy)(xz) = x(yz)
by Exercise 5. Because U is product-free, yz ∈
/ U therefore x(yz) ∈
/ xU .
Exercice 9. Prove that if S ⊆ D is a product-free set and x ∈ S, then S ∩ xS = x.
P roof . Let S ⊆ D be product-free and let x ∈ S. x ∈ xS since xx = x, so x ∈ S ∩ xS.
Suppose there was a another element v ∈ S ∩ xS, v 6= x. Then v ∈ S, v ∈ xS, and xv ∈ xS.
Since S is product-free, by exercise 8, xS is also product-free, so x(xv) ∈
/ xS. By property
1, x(xv) = v, thus v ∈
/ xS. But this is a contradiction since v ∈ S ∩ xS. This means x is
the only element in S ∩ xS and S ∩ xS = x.

4

Generators

There exists an interesting correspondence between the two-attribute version of the
game SET, Z23 and affine planes.
Definition 4.1. An Affine plane is a non-empty set, A, and a set of subsets of A called lines
that satisfy the following conditions:
1. For each pair of distinct elements x and y of A, there is exactly one line containing x
and y.
2. For any line L and any point x ∈ A, x ∈
/ L, there is exactly one line through x that
does not intersect L.
3. There exist four points, no three of which lie on the same line.
In general, the finite affine plane of order n satisfies the following properties:
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1. Each line has n points.
2. Each point lies on exactly n + 1 lines.
3. There are exactly n2 points.
4. There are exactly n2 + n lines.
Z23 contains 9 elements that form 12 SETs. Given an element x ∈ Z23 it is in exactly
one SET with each of the 8 remaining cards, so x is in exactly 4 SETs. Hence, Z23 can be
viewed as an affine plane of order 3 where the lines contain any three cards that make
a SET. We defined D-sets as subsets of D corresponding to SETs. Now we see that SETs
are also equivalent to lines in an affine plane of order 3. We call any three points of an
affine plane collinear if they are on the same line, in other words in a SET.
The parallel, or resolution classes of the design, are simply a partition of A. Thus we
can say that two lines (D-sets) are parallel if they are in the same parallel class. Because
parallel classes form a partition of A, we can also say that two lines are parallel if they
have no points in common.
The twelve lines(D-sets) in Z23 can be partitioned into four parallel classes:
P1 = {{(0, 0), (0, 1), (0, 2)}, {(1, 0), (1, 1), (1, 2)}, {(2, 0), (2, 1)(2, 2)}}
P2 = {{(0, 0), (1, 0), (2, 0)}, {(0, 1), (1, 1), (2, 1)}, {(0, 2), (1, 2)(2, 2)}}
P3 = {{(0, 2), (2, 1), (1, 0)}, {(0, 1), (1, 2), (2, 0)}, {(0, 0), (1, 1)(2, 2)}}
P4 = {{(0, 2), (1, 1), (2, 0)}, {(0, 0), (1, 2), (2, 1)}, {(1, 0), (0, 1)(2, 2)}}

Figure 6: The 12 lines(SETs) of an affine plane
We employ the same scheme used in [1] to visualize the elements of Zn3 : Z23 can be
represented by a 3x3 grid as in Figure 6. In this form, we can easily recognize that all the
rows, columns and diagonals forms d-sets where a diagonal is any positioning of three
cards with exactly one in each column and one in each row. Furthermore, the rows, the
columns, and the two sets of wrap-around diagonals shown in Figure 6 correspond to
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the 4 parallel classes.
We can obtain an affine plane not only by fixing two attributes and considering the
nine cards and the twelve sets formed amongst them, but we can also choose any three
of the 81 cards that don’t form a SET and place them anywhere on the 3x3 grid so that
they are not in a line. The remaining nine spots will contain the unique cards that complete the twelve lines or SETs that can be formed amongst the three cards and their
products. We prove this result in the following theorem.
Theorem 4.1. Any three product-free cards in D generate the points and lines of an Affine
plane of order 3.
Proof. Let x, y and z be three product-free cards in D. We will consider the products
formed by these three cards. Now xy, xz and yz complete the three sets that can be
formed amongst the three cards x, y and z.
Computing products within these three new cards, we see:
(xy)(xz) = x(yz)
(xy)(yz) = (xy)(zy) = (xz)y
(xz)(yz) = (xy)z

Computing products amongst these three new cards and the original three cards, we
see:
x(xy) = y
x(xz) = z
y(xy) = (xy)y = x
y(yz) = z
z(xz) = (xz)z = x
z(yz) = (yz)z = y

while:
x(yz), y(xz), and z(xy)
produce three new products.
We claim that the set A = {x, y, z, xy, xz, yz, z, x(yz), y(xz), z(xy)} is closed. We have
already considered products amongst the first six elements of the set, so we will focus
on products formed with x(yz), y(yz), and z(xy). We will first consider products with
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x(yz):
(x(yz))x = x(x(yz)) = yz
(x(yz))(xy) = x((yz)y) = x((zy)y) = xz
(x(yz))(xz) = x((yz)z) = xy
(x(yz))(yz) = x(yz)

Now consider the products (x(yz))y and (x(yz))z:
(x(yz))y)(xy) = [(x(yz))(x)]y = [x(x(yz))]y = (yz)y = (zy)y = z.
Thus (x(yz))y = z(xy).
Similarly,
(x(yz))z)(xz) = [(x(yz))(x)]z = [x(x(yz))]z = (yz)z = y.
Thus (x(yz))z = y(xz).
Finally,
(x(yz))(y(xz)) = (x(yz))((x(yz))z) = z
and
(x(yz))(z(xy)) = (x(yz))((x(yz))y) = y.
Now products with y(xz) are:
(y(xz))y = y(y(xz)) = xz
(y(xz))(xy) = (y(xz))(yx) = y((xz)x) = y((zx)x) = yz
(y(xz))(xz) = y(xz)
(y(xz))(yz) = y((xz)z) = yx

Now consider the products (y(xz))x and (y(xz))z:
[(y(xz))x](yx) = [(y(xz))(y)]x = [y(y(xz))]x = (xz)x = z.
Thus (y(xz))x = z(yx).
Similarly,
[(y(xz))z](yz) = [(y(xz))y]z = [y(y(xz))]z = (xz)z = x.
Thus, (y(xz))z = x(yz). Finally,
(y(xz))(z(xy)) = (y(xz))((y(xz))x) = x.
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Lastly, we will consider products with z(xy):
(z(xy))(z) = xy
(z(xy))(xy) = z
(z(xy))(xz) = ((xy)z)(xz) = ((xy)x)z = yz
(z(xy))(yz) = ((xy)z)(yz) = ((xy)y)z = xz

Now consider the products (z(xy))x and (z(xy))y:
[(z(xy))x](zx) = [(z(xy))z]x = [z(z(xy))]x = (xy)x = y.
Thus (z(xy))x = y(zx).
Similarly,
[(z(xy))y](zy) = [(z(xy))z]y = [z(z(xy))]y = (xy)y = x.
Thus (z(xy))y = x(zy). So we see that the set A is closed with respect to multiplication
as defined ...as shown in the cayley table below:
x
y
z
xy
xz
yz
x(yz) y(xz) z(xy)
x
xy
xz
y
z
x(yz)
yz
z(xy) y(xz)
y
xy
yz
x
y(xz)
z
z(xy)
xz
x(yz)
xz
yz
z(xy)
x
y
y(xz)
yz
xy
z
xy
y
x
z(xy)
x(yz) y(xz)
x
yz
z(xy)
xz
z
y(xz)
x
x(yz)
z(xy)
xy
y
yz
yz
x(yz)
z
y
y(xz) z(xy)
x
yx
xz
yz
z(xy) y(xz)
xz
xy
x
z
y
x(yz)
y(xz) z(xy)
xz
x(yz)
yz
y
yx
z
x
xy
z(xy)
yz
xz
y
x
z(xy) y(xz) x(yz)
Now we will consider the sets formed by elements of A. We have:
{x, y, xy}
{z, x(yz, y(xz)} {xz, z(xy), yz}
{x, z, xz}
{y, x(yz), z(xy)} {xy, y(xz), yz}
{x, yz, x(yz)}
{y, y(xz), xz}
{xy, z, z(xy)}
{x, y(xz), x(xy)}
{yz, x, y}
{xz, z(yz), xy}
Thus we see that the set A together with the lines given by the sets above form an affine
plane of order 3.
x
z
xz

y
x(zy)
z(xy)

xy
y(xz)
yz

Clearly the set A is isomorphic to Z32 .
Proposition 4.2. If S ⊂ D is closed under multiplication and x ∈ D but x ∈
/ S, then
S ∩ xS = ∅
10

=⇒

Figure 7: Forming an affine plane.
Proof. Assume to the contrary that there exists a w ∈ S ∩ xS. Then w ∈ xS, so w = xu
for some element u ∈ S. Applying property 2 we get wu = x. Since S is closed x = wu
implies x ∈ S. But this is a contradiction since x ∈
/ S.
We will now attempt to visualize the 117 D-sets in Z33 in terms of affine planes of
order 3. We will take as points of the affine plane of order 3 nine D-sets and lines as
three D-sets whose union is isomorphic to Z23 .
There are 27 different elements in Z33 . Since every two elements in D are in exactly
one D-set together, we can partition the set as 9 D-sets. These nine D sets will be the
points of our affine plane.
In order for the lines to work, we need to choose a very specific partition.
Let ∆ = {x, y, xy} be a D-set, and let z, w be elements of D, z, w ∈
/ ∆. Consider the
D-sets: ∆, z∆, zx∆, wx∆, wx(z∆), wx(xz∆), w∆, w(z∆), w(xz∆).
By proposition 4.2 no two of these D-sets have any elements in common. In addition, each set isomorphic to Z23 can be viewed as a partition of 3 D-sets.
How many different sets that are isomorphic to Z23 can given D-set be a member of?
We can construct a set isomorphic to Z23 with 3 product free cards as described in
the proof of theorem 4.1. Let a ∈ D, a ∈
/ ∆, then a, x and y are product-free and the
affine plane generated by these three elements contains nine points and twelve lines. In
addition, the affine plane generated by a, x, y also contains the D-set ∆.
Now we have 18 elements left that are not points in the affine plane just created. Let
b be one of these, then the affine plane generated by b, x, y contains ∆. Because each
product is unique the affine planes formed by a, x, y and b, x, y only have 3 elements in
common, x, y, xy.
So there are 12 elements left, let c be one of these. Again, the affine plane generated
by c, x, y contains ∆.
Now we have 6 elements left which are not in a affine plane, let d be one of these. The
affine plane generated by d, x, y must contains ∆. And since it only has ∆ in common
with the other 3 affine planes, it must contain the other 5 elements left.
Now suppose A is the set generated by a, x, y. We know by 4.1 A is closed with respect to multiplication, and every product is unique, the set generated by a0 , x, y where
a0 ∈ A will contain exactly the same elements as A. So every D-set in Z33 is in exactly 4
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sets isomorphic to Z23 .
Three D-sets form a line if their union is a set that is isomorphic to Z23 . With this new
definition of a line, how many lines are there in Z33 ? We have 9 choices for the first D-set
and 8 for the second. The third will be determined since any three elements that are not
in a D-set will generate a set isomorphic to Z23 . For example, suppose we take ∆ and z∆,
the D-set that completes the set of 9 elements is xz∆. Thus, we have a total of 9∗8
= 12
3!
lines. So D-set in the 3-attribute version of the game SET form an affine plane of order 3.
Given a partition of D into the 9 D-sets: ∆, z∆, zx∆, wx∆, wx(z∆), wx(xz∆), w∆, w(z∆), w(xz∆)
an affine plane looks like
w∆
xw∆
∆
z∆
w(z∆)
wx(z∆)
xz∆ w(xz∆) wx(xz∆)
Parallel classes will correspond to the sets of all rows, all columns, and two sets of
wrap around diagonals.
There are 12 lines in the affine plane Z33 , each line is a set that contains 12 D-sets, this
gives 144 D-sets. But each point, which corresponds to a D-set, is in 4 lines. So we are
counting each of the 9 points(D-sets) 4 times. Hence we have 144 − (9 ∗ 3) = 117 D-sets,
as we expected.
We can take this one step further and say that D is an affine plane. First, we show
that 4 elements of D generate a set that is isomorphic to Z33 .
Theorem 4.3. There exist four cards in D that generate a set isomorphic to Z33 .
Proof. Pick any three non-collinear points in D, x, y, z . Let A be the set generated by
these points. By theorem 4.1 A isomorphic to Z23 , and is closed under multiplication.
Now, choose w ∈
/ A. We know that wx, wy, wz are product free and thus, by theorem
/ A and wx ∈
/ wA, and
4.1, generate a set wA which is isomorphic to Z23 . Finally, wx ∈
x(wx) = w, x(wy) and x(wz) are product-free and again by theorem 4.1 they generate as
set (wx)A which is isomorphic to Z32 .
Consider the sets A, wA and (wx)A. They are mutually exclusive, by proposition 4.2,
and they each have 9 points. So their union contains 27 points, ans A ∪ wA ∪ (wx)A is
isomorphic to Z33 .
Theorem 4.4. D can be generated by any five product-free cards.
Proof. Pick any four product-free cards, these will generate a set isomorphic to Z33 , call it
A. Consider the sets A, wA and (wx)A. They are mutually exclusive, by proposition 4.2,
and they each have 27 unique points. Then, their union contains 81 points, and since D
is closed under multiplication, we have the 81 points that form D.
Thus, D can be partitioned as the union of three sets isomorphic to Z33 . These, in
turn can be partitioned into three sets that are isomorphic to Z23 . Thus, D is the partition of 9 sets isomorphic to Z23 . Suppose that A is the set generated by x, y, z ∈ D. How
12

Figure 8: 9x9 arrangement of D obtained from the 5 cards outlined with black
many different sets isomorphic to Z33 can A be a member of? Let A1 be the set generated
by x, y, z, w, where w ∈
/ D it contains 27 elements and is isomorphic to Z33 . There are 54
other elements not in A1 , let v be one of these. Let A2 be the set generated by x, y, z, v.
Because each product is unique, A1 and A2 have exactly 9 elements in common, the 9
elements of A. Hence A2 contains A and 18 other elements. This means there are 36 elements left not in A1 or A2 , let u be one of these and let A3 be the set generated by x, y, z, u.
Again, A3 contains the 9 elements of A and 18 other elements not in A1 or A2 . So we have
18 elements left, let r be one of these and let A4 be the set generated by x, y, z, r. Then A4
contains A and other 18 elements not in A1 , A2 , A3 , thus it must contain the 18 elements
we had left. This shows that every A is in exactly 4 sets of 27 elements.
Given a partition of D into 9 sets isomorphic to Z23 , we can think of these sets as
13

points of an affine plane of order 3 where a line consists of three points that form a set
isomorphic to Z33 . How many lines are there? We have 9 choices for the first D-set and 8
for the second. From proposition 4.3, we know that the third will be determined. Thus,
= 12 lines.
we have a total of 9∗8
3!
Now, we have a total of 12 lines, each line is a set that contains 117 D-sets, this gives
1404 D-set. But each point, which corresponds to a set isomorphic to Z23 , is in 4 lines. So
we are counting the 12 D-set in each point 4 times. Hence we have 1404−(3∗12∗9) = 1080
D-sets, as was expected.
Proposition 4.5. If A, B, and C form a partition of 81 or 27 elements of D such that each
of A, B, C contain 27 or 9 elements that can be arranged into 3 or 1 affine planes of order
3 whose 12 lines represent SETs in the game, then AB = C, AC = B, BC = A.
Proof. Let x ∈ AB = {ab|a ∈ A, b ∈ B}, then x = ab for some a ∈ A, b ∈ B. If x ∈ A, then
x = ab implies ax = b, by property 1, and since A is closed b ∈ A. But this is impossible
since A ∩ B = ∅. If x ∈ B, x = ab implies xb = a, by property 2, and since B is closed
a ∈ B. But this is a contradiction to A ∩ B = ∅. Thus we must have x ∈ C. Now, suppose
x ∈ C, a ∈ A. Consider the product xa. If ax ∈ A, then x ∈ A, but this contradicts
the assumption A ∩ C = ∅. If ax ∈ C, then a ∈ C, but this contradicts the assumption
A ∩ C = ∅. Thus we must have ax ∈ B. We have a(ax) = x, so x ∈ AB. Thus AB = C.
The proofs that AC = B and BC = A are similar.
We represent Z33 graphically as three 3x3 grids where three cards form a SETs if and
only if
• They lie as a SET in Z23
• If the three grids are superimposed, they lie in the same spot or in the position of
a line in Z23
Finally, we can represent Z43 by 9 3x3 grids, or equivalently a 9x9 grid, as in Figure 8 where
SETs are formed as in Z33 .

Figure 9: Examples of a SET in Z23
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Maximal caps in low dimensions.

We can now go back to the question of finding the largest collection of cards containing
no SET. This is equivalent to finding the largest product-free set in Zn3 , such a set is referred to as a maximal n-cap. We will start by considering the maximal cap in Z23 . Here,
we exhibit a product-free set of size 4.

Figure 10: A product-free set of cardinality 4.
Theorem 5.1. A maximal 2-cap contains 4 points.
Proof. Suppose we have a product free set in Z23 with five cards: P = {a, b, c, d, e}. Let the
complement of this set be P 0 = {f, g, h, i}. There are ten pairs that can be made from
the elements of P , and for each pair, there is an element of P 0 that completes the set.
Suppose that there is an element, say g of P 0 that completes four of the ten sets, then g
is not in any sets with the other elements of P 0 which is a contradiction since g should
be in a set with every other element exactly once. Suppose g completes three of the ten
sets, then g would have to be in one set with the remaining three elements of P 0 , which is
not possible. Thus each element of P 0 must complete only two sets formed by elements
of P , so the elements of P 0 can complete only eight of the ten sets of P .
A special property of a product-free sets of cardinality 4 is that they consist of two
lines that intersect at a point, with that point removed. To create such a set simply pick
any point, x and two lines containing that point. The four points obtained without x are
product-free. The next statement summarizes this idea.
Proposition 5.2. If A is a maximal 2-cap, then there exits elements a, b, c, d ∈ A such that
for some g ∈
/ A, ab = g, cd = g.
Proof. Let A = {x, y, z, w}. Each point in Z23 is on exactly 4 lines and there are a total
of 12 lines in Z23 . If we remove a point, x from Z23 , then we eliminate 4 lines. Removing
a second point, y, eliminates another 3 lines because the unique line containing x and
y has already been counted. When we remove a third point, z from Z23 , we eliminate
2 more lines since A is product free and the line containing x and z as well as the line
containing y and z have already been counted.
Finally, removing w from Z23 , removes an additional line from Z23 . Clearly removing
4 points that contain no line in this way eliminates 10 lines in Z23 , so the remaining 5
points in A0 contains 5 elements and two products, thus we must have an element g ∈
/A
0
which completes these two products. Then the set A − {g} must be product-free and
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Figure 11: Removing 4 product-free set points eliminates 10 lines.
A ∪ {g} contains 5 elements and two products. So there is an element that completes
both products. Since A is product-free and each product is unique, none its elements
can be in two products. Hence g completes these two products so, g = ab, g = cd for
some a, b, c, d ∈ A.
We can construct a product-free set of cardinality 9 as follows:
Start with a partition of Z33 as A ∪ B ∪ C where A, B, and C are affine planes of order
3. Let A∗ = {a, b, c, d} ⊆ A be product-free. Note that (A∗ )0 = e, f, g, h, i is not productfree. As previously shown, (A∗ )0 contains 5 points that are in two lines. So the two lines
intercept at a point. Without loss of generality, call this point g. Thus ef = g and hi = g.
So (A∗ )0 − {g} id product-free. Let x ∈ B. Now xA∗ is product-free (see exercise 8)
and contains 4 distinct points in C since the mapping Tx is one-to-one. So (A∗ )0 − g
is product-free. (A∗ )0 has 5 points and two lines, so the two lines intercept at a point.
(xA∗ )0 = {xe, xf, xg, xh, xi}. Now since ef = g and hi = g,
(xe)(xf ) = x(ef ) = xg
(xh)(xi) = x(hi) = xg
So gx is the point that intercepts the two lines in (xA∗ )0 . Thus (xA∗ )0 − xg is product-free,
call it C ∗ . Thus F = A∗ ∪ {x} ∪ C ∗ = {a, b, c, d, x, xe, xf, xh, xi}) is product-free. In Figure
13 the big black dots represent a product-free set found this way. The smaller dots represent (A∗ )0 and (xA∗ )0 , and the red dots represent g and xg.

Figure 12: A product-free set of cardinality 9.
Now, suppose there exists a point y ∈ Z33 such that F ∪ y is product-free. Since
F contains 4 points from A and 4 points from C, we must have y ∈ B. Then yF =
yA∗ ∪ xy ∪ yC ∗ is product-free and yF ∩ F = ∅. So A∗ ∩ yC ∗ = ∅. Now yC ∗ ⊆ A is
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product-free and thus must map to the only other product-free set in A, (A∗ )0 − g. And
xA is product-free so y(xA∗ ) = A∗ . Thus y(xg) = g so
y(xg) = g
xg = yg
x=y
Hence, any other point in Z33 forms a line with two points in F .
From here we are tempted to say that the largest product-free set in Z33 has cardinality 9. However, we don’t know that a different construction leads to a product-free set
with 10 points. Suppose that F ⊂ Z33 . We can partition Z33 as the union of three subsets,
A, B, C, which are isomorphic to Z23 , in many different ways. Given such a partition,
F = (F ∩ A) ∪ (F ∩ B) ∪ (F ∩ C). We will use the notation {|F ∩ A|, |F ∩ B|, |F ∩ C|}
to indicate the number of points is each subset. For example, the product-free set we
found before has the form {4, 1, 4} because it contained 4 points from A, 1 from B, and
4 from C. The figure below shows a product-free set of the form {3, 3, 3}.

Figure 13: A product-free set of the from {3, 3, 3}.
Proposition 5.3. There is no product-free set of the form {4, 3, 2}
Proof. Suppose there was a product-free set, F of the form (4, 3, 2). That is, F = A∗ ∪
B ∗ ∪ C ∗ where A∗ ⊂ A has 4 elements, B ∗ ⊂ B has 3 elements, and C ∗ ⊂ C has two
elements. Let A∗ = {a, b, c, d}, and C ∗ = {x, y}. A∗ · C ∗ = ac|a ∈ A∗ andc ∈ C ∗ . Because F
is product-free for any w ∈ A∗ · C ∗ , w ∈
/ F . Note that A∗ · C ∗ ⊆ B and (A∗ · C ∗ ) ∪ B ∗ = B.
∗
∗
∗
Since B had 3 elements, A · C must have 6 elements. Also since A∗ is a 4-cap there
exists an element, g ∈ A such that g = ab and g = cd.
Case 1. Suppose that gx, gy ∈
/ A∗ ·C ∗ , and (gx)(gy) ∈ A∗ ·C ∗ . This means that (gx)(gy)
is the product of some element from A∗ and some element from C ∗ . Without loss of generality, suppose that (gx)(gy) = ax. We can apply property 2 to get (gx) = (ax)(gy). Now
because g = ab, gx = (ax)(bx), and we have (ax)(bx) = (ax)(gy). Using our result from
exercise 4, bx = gy which contradicts our initial assumption that gy ∈
/ A∗ · C ∗ .
∗
∗
∗
∗
∗
This proves that if gx, gy ∈
/ A · C , then (gx)(gy) ∈
/ A · C . Since B contains 3 elements
∗
∗
∗
not in A · C , we must have B = {gx, gy, (gx)(gy)}, then B ∗ contains a product and F
is not product-free.
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Case 2. Suppose that either gx or gy were elements of A∗ · C ∗ . Without loss of generality, let gx = ay. Notice that, because cancellation holds and g ∈
/ A∗ , we can’t have gx =
ax. The line containing (gx), (ax), (bx) is parallel to the line containing (gy), (ay), (by).
But they intersect at the point gx = ay; they are in fact the same line. Since gx 6= gy and
ax 6= ay we must have gy = bx. gx, gy ∈ A∗ are different points and each is in a second
line.

Figure 14: Product-free set with 20 points
Theorem 5.4. The cardinality of the largest product-free subset of Z33 is 9
Proof. The proof proceeds by contradiction. Suppose that F ⊂ D27 is product-free and
containing 10 points. Since the largest product-free set in each A, B, C contains 4 points,
there are only two possible ways to get |F ∩ A| + |F ∩ B| + |F ∩ C| = 10, {4, 4, 2} or {4, 3, 3}.
Suppose F is of the form {4, 4, 2}, then by eliminating one point from F ∩ B, we could
also have a product-free set of the form {4, 3, 2}. But this is a contradiction since there
is no product-free set of the form {4, 3, 2}. Similarly, if F is of the form {4, 3, 3}, then
eliminating one point from F ∩ C yields a product-free subset of the form {4, 3, 2}. But
this is a contradiction.
We can construct a product-free in D as follows: partition D as the union of subsets isomorphic to Z33 , A, B, C. Because each of these can be partitioned as the union of
three affine planes, we have D = A1 ∪ A2 ∪ A3 ∪ B1 ∪ B2 ∪ B3 ∪ C1 ∪ C2 ∪ C3 , where each
subset is an affine plane. Start with a product-free set in A like the one we found before
(A∗1 ∪ {x} ∪ C1∗ ). Choose any point y ∈ B, then (yA∗1 )0 − yg = C3∗ , (x(yg)C1∗ )0 − {xy} = B ∗
are product-free. And F = (A∗1 ∪ {x} ∪ C1∗ ) ∪ C3∗ ∪ B ∗ ∪ {y, x(yg), y(xg)} is product-free
and contains 20 points.
Figure 14 shows a product-free set found using this method. This is actually the largest
known product-free set, which means that any collection of 21 cards must contain a SET.
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Davis and Maclagan [1] provide a proof of this. In their work they describe an equivalent formulation of the game where SETs correspond to lines in a four dimensional
vector space over the field with three elements, F3 . Their proof involves find maximal
caps using a method of counting marked hyperplanes via hyperplane triples. As they
note, there are many possible way to extend game of SET. For example, we could play a
5 attribute version by adding a background color to each card. Then, each card is represented by an element of Z53 . In general, a game with n attributes can be modeled as Zn3 .
The table below summarizes the known sizes of the largest product-free sets.
n 2
d 4

3 4
5
9 20 45

6
112

Table 1: Known sizes of maximal d-caps
Another possibility for extending the game is to add more properties to each attribute. We could add a different color, number, filling, and shape. This type of game
could be modeled in Z4n .
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